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Quantum metrology in the presence of limited data
Jesu´s Rubio∗ and Jacob Dunningham†
Department of Physics and Astronomy, University of Sussex, Brighton BN1 9QH, UK
(Dated: January 25, 2019)
Quantum metrology protocols are typically designed around the assumption that we have an
abundance of measurement data, but recent practical applications are increasingly driving interest
in cases with very limited data. In this regime the best approach involves an interesting interplay
between the amount of data and the prior information. Here we propose a new way of optimising
these schemes based on the practically-motivated assumption that we have a sequence of identical
and independent measurements. For a given probe state we take our measurement to be the best
one for a single shot and we use this sequentially to study the performance of different practical
states in a Mach-Zehnder interferometer when we have moderate prior knowledge of the underlying
parameter. We find that we recover the quantum Crame´r-Rao bound asymptotically, but for low
data counts we find a completely different structure. Despite the fact that intra-mode correlations
are known to be the key to increasing the asymptotic precision, we find evidence that these could be
detrimental in the low data regime and that entanglement between the paths of the interferometer
may play a more important role. Finally, we analyse how close realistic measurements can get to
the bound and find that measuring quadratures can improve upon counting photons, though both
strategies converge asymptotically. These results may prove to be important in the development of
quantum enhanced metrology applications where practical considerations mean that we are limited
to a small number of trials.
I. INTRODUCTION
Empirical data constitute our primary source of knowl-
edge to construct theories that explain the world around
us, and to develop the necessary technologies that help
us to accomplish that task. For that reason, how we ex-
tract and process that data is a crucial step, and this
can be formally captured in quantum systems by the for-
malism of quantum metrology, a set of techniques that
rely on quantum mechanics to extract information about
unknown physical quantities from the outcomes of exper-
iments [1–5].
In practice the quality of this information is restricted
by factors such as the number of probes, measurements
or repetitions, or by the energy that the experimental
arrangement can employ. The latter constraint is partic-
ularly relevant for cases where we are interested in study-
ing fragile systems such as atoms, molecules, spin ensem-
bles or biological samples [6–12]. On the other hand, the
number of times that we can interact with the system
under study by performing several measurements is al-
ways finite and potentially small. This is a possibility
that could arise, for instance, in tracking scenarios where
we can only have access to a few observations before the
object of interest is out of reach, as might be the case for
quantum radar [13–15] or lidar [15–17].
This situation can be mathematically represented as
an optimisation problem where the minimisation of some
measure of uncertainty or error for a certain fixed amount
of resources informs us about how we should design our
experiment so that its performance is optimal. If the un-
∗ J.Rubio-Jimenez@sussex.ac.uk
† J.Dunningham@sussex.ac.uk
certainty is based on the square error or can be safely
approximated by it, then we can maximise the Fisher in-
formation and use the Crame´r-Rao bound as the figure
of merit [3, 4]. This approach is appealing in principle
for several reasons. Firstly, bounds for estimating a sin-
gle parameter derived following this path can always be
approached asymptotically provided that we repeat the
experiment enough times and that we have certain prior
knowledge about the unknown parameter [4, 5, 18–20],
and this simplifies the optimisation of the error consider-
ably. Furthermore, the Fisher information has a certain
fundamental character. In particular, it can be seen as
a distinguishability metric [21] that arises in the expan-
sion of the Bures distance between two infinitesimally
close states [3, 18]. Moreover, its reciprocal gives us the
asymptotic limit for the Bayesian mean square error as a
function of the number of repetitions under some fairly
general assumptions [5, 22], and this is also the case
for other approaches that are more conservative than the
Crame´r-Rao bound too [23, 24].
Nevertheless, the fact that this technique normally re-
quires many repetitions to be useful is an important
drawback to study realistic physical systems such as
those previously mentioned. This problem has already
been acknowledged in the literature (e.g., in [4, 5, 18, 25]),
and several solutions have been proposed. A conceptually
simple and straightforward approach consists in using a
general measure of uncertainty and estimating how many
measurements are needed such that the results predicted
by the asymptotic theory are valid, which can always be
done numerically [5, 26]. In addition, we can rely on nu-
merical techniques such as Monte Carlo simulations [27]
or machine learning [28] to perform the optimisation di-
rectly, or can simply examine the behaviour of the system
when the number of resources is finite once we have estab-
lished the asymptotic results [23]. This was precisely the
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2idea behind the methodology proposed in [5], where we
analysed the non-asymptotic performance of metrology
protocols that had been optimised as if the asymptotic
theory were valid, and we explored the structure of the
non-asymptotic regime with concrete examples.
A different possibility is to derive more general lower
bounds that are valid in both the asymptotic and the
non-asymptotic regimes, such as [29–31]. Interestingly,
this path provides tools that share the computational
simplicity of the Crame´r-Rao bound to some extent, but
they also present important limitations. For example, the
quantum Ziv-Zakai bound [29] can recover the asymp-
totic scaling, but it is not tight in general. The situation
improves with the quantum Weiss-Weinstein bound [30],
since it is asymptotically tight. However, it is not guaran-
teed that we can saturate this bound in the regime with a
finite number of measurements. A similar problem arises
with the quantum optimal-bias bound [31], since by con-
struction it is lower than the Crame´r-Rao bound and, as
we will see, the latter is sometimes lower than the optimal
error when it is applied out of its regime of applicability.
This state of affairs motivates the following question:
how can we go beyond our current methods and improve
our predictions for the optimal performance of our exper-
iments when these operate in the regime of limited data?
Here we propose a new method combining analytical and
numerical techniques that contributes towards the solu-
tion of this problem, and we demonstrate its potential us-
ing a Mach-Zehnder interferometer that operates in the
regime of limited data and moderate prior knowledge.
The key idea is to find the measurement scheme pre-
dicted by the optimal single-shot mean square error that
was originally introduced in [32] and use that measure-
ment in a sequence of repeated experiments. We will
show that the bounds that arise from this technique are
tight and can be approached in principle both for a single
shot (by construction) and in the asymptotic regime of
many measurements, since the results predicted by the
Fisher information are recovered in the latter case. And
while this does not guarantee that our solution will be
optimal for a few observations (an adaptive scheme may
be better than repeating the same measurement in that
case), we will see that having an error that is a func-
tion of the number of repetitions where the first point is
already tight, and that also tends towards the asymptot-
ically optimal solution as the number of shots grows, is
enough to draw conclusions to important questions such
as the role of photon number correlations or the per-
formance of experimentally feasible measurements in the
regime of limited data. For instance, we have found an
example where the correlations between the paths of the
Mach-Zehnder interferometer appear to be particularly
useful in this regime, and we have demonstrated that
while measuring quadratures and counting photons after
the action of a beam splitter are asymptotically equiva-
lent in an ideal scenario, the former measurement scheme
is better for a low number of repeated experiments.
It is interesting to note that a related approach was
recently discussed in [33], where the authors presented
a modification of the quantum Van Trees inequality and
used it to construct an adaptive strategy based on an
optimal parameter-independent single-shot measurement
scheme. Therefore, our work and [33] are complementary,
since we will mainly focus on repeated measurements to
connect the optimal single-shot and asymptotic regimes
and to explore the regime with a finite number of experi-
ments. Moreover, our results can be seen as a non-trivial
generalisation with respect to those that are obtained
when the Fisher information is used instead.
The paper is organized as follows. Our method based
on single-shot measurements is developed in section II,
where we also review the Mach-Zehnder interferometer
and the probes that we will use in our calculations. Sec-
tion III presents and discusses the bounds that arise from
the application of our methodology to optical interfer-
ometry, and section IV studies the role of intra-mode
and inter-mode correlations in the regime of limited data.
The effect of changing the prior information is analysed in
section V, where as expected we recover the predictions
of the Fisher information when the prior is very narrow,
and we study how to approach our bounds using prac-
tical schemes such as photon counting, measurements of
quadratures or parity measurements in section VI. Fi-
nally, a summary of our conclusions and the potential of
our proposal for the field of quantum metrology is pre-
sented in section VII.
II. FRAMEWORK AND STRATEGY
A. Methodology
Suppose we have a quantum probe with statistical
properties described by the density matrix ρ0. The
probe then interacts with a second object characterised
by the parameter θ, and this unknown quantity is en-
coded in the probe state through the unitary transfor-
mation ρ(θ) = U(θ)ρ0U(θ)
†. In order to extract the in-
formation about θ we perform a measurement described
by the POVM elements {E(n)}, where the conditional
probability for the outcome n is given by the Born rule
p(n|θ) = Tr [E(n)ρ(θ)]. In addition, any extra knowledge
that we might have about θ that is not directly related
to the measurement scheme can be encoded in the prior
probability p(θ).
The joint probability p(θ, n) = p(θ)p(n|θ) contains all
the available information about both the experimental
outcomes and the unknown parameter. However, to have
a more concrete idea about what the value of θ is we
can construct an estimator g(n), which produces an esti-
mate for the parameter as a function of the experimental
outcome n, and the uncertainty of this procedure can
be characterised by the average of some error function
 [g(n), θ], that is,
¯ =
∫
dθdn p(θ, n) [g(n), θ] . (1)
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3Figure 1. Representation of the extraction of information
from a quantum sensor. This process consists of three stages:
preparation of the probe state ρ0, parameter encoding U(θ)
and measurement scheme E(ni). The statistics of the out-
come ni is given by the Born rule, and the protocol is repeated
µ times. Taking also into account any prior information that
we may have we can construct an estimator g(n1, . . . , nµ) as
a function of the experimental outcomes, and assess its per-
formance using some measure of uncertainty ¯.
As we argued in [5], equation (1) represents the uncer-
tainty on average about the knowledge that we can ac-
quire in principle given the experimental configuration
under analysis, and as such it is the suitable quantity
to find the optimal strategies for making inferences [34].
Note that, at this stage, this is a single-shot quantity.
Now we focus our attention on the regime of moderate
prior knowledge, that is, we are not completely ignorant
about the value of the parameter but what we know is
not enough to apply the local version of estimation the-
ory. This is motivated by the fact that the prior prob-
ability may play a crucial role when the empirical data
is limited and, as a consequence, it is the natural regime
to study situations where the number of measurements
is small. In our case we are going to consider that we
know a priori that the parameter is localised somewhere
within a domain of width W0, and that this domain is
centred around the value θ¯. This state of knowledge can
be represented by the uniform density
p(θ) = 1/W0, for θ ∈ [θ¯ −W0/2, θ¯ +W0/2], (2)
and p(θ) = 0 otherwise [35].
The intermediate regime has been previously explored
in the context of optical interferometry [5, 36, 37]. In
particular, the method presented in [37] solves the opti-
misation problem completely using the single-shot error
¯ = 4
∫
dθdn p(θ, n)sin2
[
g(n)− θ
2
]
, (3)
which respects the periodic character of the difference
of optical phase shifts that we will estimate [4, 38, 39],
and it constitutes a particular instance of equation (1).
In principle, we could use the results of [37] and base
our analysis in equation (3). However, its extension to
the case where many repetitions are considered is still
numerically challenging. Instead, in appendix A we argue
that for W0 . 2 it is meaningful to approximate equation
(3) as
¯ ≈ ¯mse =
∫
dθdn p(θ, n) [g(n)− θ]2 , (4)
and we also evaluate the error in the truncation of the
Taylor expansion that leads to equation (4) to show that
the main conclusions of this work are not affected by
this approximation. In addition, in section V we will see
that the local regime is not properly recovered until the
prior width is W0 = 0.1 or smaller. Hence, this allows
us to exploit the simplicity of the mean square error in
phase estimation safely within the regime of moderate
prior information for 0.1 < W0 < 2.
Assuming that the probe state ρ0 and the unitary op-
erator U(θ) are also known, the next step is to optimise
the single-shot mean square error in equation (4) over all
the possible measurement schemes and all the possible
estimators. First we note that, according to the proof in
[40], restricting the possible POVMs to the class of pro-
jective measurements does not lead to a loss of optimality
in this case. Therefore, we can combine the measurement
and the estimator into the observable
S =
∫
dn g(n)E(n), (5)
where now E(n) = |n〉〈n|, with 〈n|n′〉 = δnn′ , and can
rewrite equation (4) as
¯mse =
∫
dθp(θ)θ2 + Tr
(
ρS2 − 2ρ¯S) , (6)
with ρ =
∫
dθp(θ)ρ(θ) and ρ¯ =
∫
dθp(θ)ρ(θ)θ. By min-
imising equation (6) with respect to S we finally arrive
to [32, 40]
¯mse >
∫
dθp(θ)θ2 − Tr (ρ¯S) , (7)
where Sρ+ ρS = 2ρ¯.
The main advantage of this result is that the single-
shot optimal strategy can be explicitly constructed from
S =
∫
ds sE(s) =
∫
ds s |s〉〈s| , (8)
since this bound is saturated when the projectors {|s〉}
associated with the estimates {s} are used as the mea-
surement scheme. In fact, the eigenvalues {s} are pre-
cisely the estimates given by the mean of the posterior
distribution p(θ|s) ∝ p(θ)p(s|θ) [32], which is the clas-
sical solution for the optimal estimator [4, 5, 41], and
for that reason we will refer to the observable S as the
optimal quantum estimator. Moreover, further intuition
can be gained by noticing that Tr(ρS) =
∫
dθp(θ)θ and
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4Tr(ρ¯S) = Tr(ρS2), so that we can rewrite equation (7)
as
¯mse > ∆θ2p −∆S2ρ , (9)
where we have defined the prior uncertainty as
∆θ2p =
∫
dθp(θ)θ2 −
[∫
dθp(θ)θ
]2
(10)
and
∆S2ρ = Tr
(
S2ρ
)− Tr (Sρ)2 . (11)
In words, the uncertainty of our estimation is lower
bounded by the difference between the prior variance and
the variance of the optimal quantum estimator.
Equation (7) was originally discovered and explored in
the context of communication theory [32, 39, 42], and
it has been recently used for frequency estimation [40].
Moreover, a formally similar result emerges in the con-
struction of the quantum Allan variance [43]. Neverthe-
less, to the best of our knowledge this result has not been
fully exploited to study phase estimation in the regime
of limited data and an intermediate prior that we are
considering here.
Once the single-shot strategy in equation (8) has been
found (we propose a semi-analytical calculation scheme
to do this in appendix B), we proceed to repeat the same
optimal experiment µ times, so that the uncertainty as-
sociated with the overall experience is now given by
¯mse =
∫
dθds p(θ)p(s|θ) [g(s)− θ]2 , (12)
where s = (s1, . . . , sµ) is the outcome vector and
p(s|θ) =
µ∏
i=1
Tr [E(si)ρ(θ)] . (13)
Moreover, the optimal classical estimator that takes into
account the information extracted from all the repeti-
tions is [4, 5, 41]
g(s) =
∫
dθp(θ|s)θ, (14)
with p(θ|s) ∝ p(θ)p(s|θ). Consequently, the final error
is ¯mse =
∫
ds p(s)(s), where p(s) =
∫
dθp(θ)p(s|θ) and
(s) is the variance of the posterior
(s) =
∫
dθp(θ|s)θ2 −
[∫
dθp(θ|s)θ
]2
. (15)
The error ¯mse, which can be numerically calculated
as a function of µ following the three-step scheme dis-
cussed in [5], is the quantity that we will use to study
the low-µ regime. In other words, our methodology uses
numerical simulations and is based on a rigorous founda-
tion provided by an analytical and potentially reachable
quantum bound.
Strategies where the same scheme is repeated sev-
eral times are relevant for any experimental arrangement
where we cannot or do not wish to correlate different
runs. In that case, it is natural to choose the same opti-
mal single-shot strategy for each individual trial, which
also simplifies the complex numerical calculations that
are needed to compute ¯mse as a function of µ. Admit-
tedly, there are other interesting practical possibilities
that emerge when adaptive measurements are allowed
[28, 33], and while they could be a better choice in some
scenarios, adaptive techniques are beyond the scope of
this work. Furthermore, from a theoretical perspective
we could consider general collective measurements on µ
copies of the same probe. This case is briefly explored for
NOON states and a maximum of µ = 10 probes in section
VI, although our main focus is on identical and indepen-
dent measurements. A discussion about the differences
between collective, adaptive and independent measure-
ments is available in [33].
B. Physical configuration
The methodology previously introduced is relevant for
and can be applied to any unitary estimation problem
based on a general mixed probe state where the empirical
data is limited and there is a moderate amount of prior
knowledge. To illustrate its behaviour, here we will focus
on one particular physical configuration.
Let us consider an interferometer formed by two elec-
tromagnetic modes with the same frequency that are
modelled by the creation and annihilation operators a†i
and ai, respectively, for i = 1, 2. In addition, for simplic-
ity we assume an ideal situation with pure states.
The benchmark to evaluate the enhancement derived
from quantum resources such as entanglement or squeez-
ing will be the coherent state
|α/
√
2,−iα/
√
2〉 = exp
(
−ipi
2
Jx
)
D1(α) |0, 0〉 , (16)
with Jx = (a
†
1a2 +a2a
†
1)/2 and D1(α) = exp(αa
†
1−α∗a1),
while the NOON state (|N, 0〉+ |0, N〉)/√2 will be taken
as an example of a definite photon number state that
reaches the Heisenberg limit [45] when enough prior
knowledge is available [46, 47]. Since many aspects of
these two states have been extensively studied in previ-
ous works (e.g., in [46–49]), here we will only highlight
those features related to the regime of limited data, and
in general we will use them mainly as a reference.
The principal analysis will be dedicated to three ex-
perimentally feasible states whose quantum Fisher infor-
mation is large with respect to the two previous bench-
marks [12]: the twin squeezed vacuum state |r, r〉 =
S1(r)S2(r) |0, 0〉, where Si(r) = exp{[r∗a2i − r(a†i )2]/2};
the squeezed entangled state Nses (|r, 0〉+ |0, r〉), where
Nses = [2 + 2/cosh(|r|)]−1/2; and the twin squeezed
cat state Ntscs [S(r) (|α〉+ |−α〉)]⊗2, with Ntscs = (2 +
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5Probe state |ψ0〉 State parameters Q J Fq µτ (ρ)
Twin squeezed vacuum state S1(r)S2(r) |0, 0〉 r = asinh (1) 3 0 8 5
Twin squeezed cat state (intermediate)
Twin squeezed cat state (optimal)
Ntscs [S(r) (|α〉+ |−α〉)]⊗2 r = 1.103, α = 1.090
r = 1.215, α = 0.9601
10.00
11.75
0
0
22.00
25.49
42
66
Squeezed entangled state Nses (|r, 0〉+ |0, r〉) r = log
(
2 +
√
3
)
9 −0.1 22 45
NOON state (|N0〉+ |0N〉) /√2 N = 2 0 −1 4 116
Coherent state |α/√2,−iα/√2〉 α = √2 0 0 2 282
Table I. Properties of the probe states considered in the main text. The state parameters have been chosen such that the mean
number of photons is n¯ = 2. Furthermore, Q and J represent the amount of intra-mode and inter-mode correlations in the
interferometer, respectively [44]. Finally, µτ (ρ) indicates the state-dependent number of repetitions that are required for the
quantum Crame´r-Rao bound to be a good approximation to the bounds based on the optimal single-shot strategy in figure 2,
according to the methodology discussed in [5] with relative error ετ = 0.05, prior mean θ¯ = 0 and prior width W0 = pi/2. Note
that ρ includes the information of the initial probe, the encoding of the signal and the prior knowledge.
2exp(−2α2)−1/2 and |α〉 = D(α) |0〉. We recall that the
classical Fisher information for a single observation and
a given measurement is defined as [4, 50]
F =
∫
dn
1
p(n|θ)
[
∂p(n|θ)
∂θ
]2
, (17)
and the optimisation of this quantity over all possible
POVMs implies that F 6 Fq = Tr[ρ(θ)L(θ)2] [39], where
Fq is the quantum Fisher information and the symmet-
ric logarithmic derivative L(θ) is obtained by solving
L(θ)ρ(θ) + ρ(θ)L(θ) = 2∂ρ(θ)/∂θ. Moreover, F and Fq
do not depend on θ when the transformation is a uni-
tary that takes the form U(θ) = exp(iHθ), where H is a
Hermitian operator. All the protocols that we will study
satisfy this condition.
In order to have a fair comparison, the parameters that
define the previous states have been chosen such that, on
average, all the strategies utilise the same amount of re-
sources (see the third column in table I). In particular,
n¯ = 〈ψ0| (a†1a1 + a†2a2) |ψ0〉 = 2 for all |ψ0〉. This en-
ergy constraint fixes the parameters of all the states ex-
cept those of the twin squeezed cat state; the parameters
of the latter case will be chosen such that the quantum
Fisher information is maximum in all the sections of this
work except in section IV, where we also consider an in-
termediate scenario. Note that the fact that n¯ = 2 for
all our protocols implies that we are working in the low
photon number regime [12].
Finally, the unknown parameter θ represents the dif-
ference of phase shifts on the two modes and is encoded
using the unitary transformation U(θ) = exp(−iJzθ),
where Jz = (a
†
1a1 − a†2a2)/2. All the schemes assume
that the prior knowledge about this parameter is repre-
sented by the probability density in equation (2) with
prior width W0 = pi/2 < 2 and prior mean θ¯ = 0.
III. QUANTUM BOUNDS IN THE PRESENCE
OF LIMITED DATA
The application of the method described in section
II to interferometric configurations leads to the results
shown in figure 2.i, where the mean square error in equa-
tion (12) is plotted as a function of the number of repeti-
tions for the optical probes previously introduced: (a) co-
herent state, (b) NOON state, (c) twin squeezed vacuum
state, (d) squeezed entangled state and (e) twin squeezed
cat state. Let us proceed to analyse the consequences of
these graphs.
To start with, figure 2.i presents two different regimes.
On the one hand, the performance of all the states be-
comes linear with the number of repetitions in the log-
arithmic scale when µ & 102. This is precisely the be-
haviour that we would expect in the asymptotic regime
µ 1, since in that case the mean square error can be ap-
proximated by the Crame´r-Rao bound as ¯mse ≈ 1/(µF )
[4, 5, 51], and as such log(¯mse) ≈ −log(µ) − log(F ). In
this regime we can observe that the graphs of different
states do not intersect each other. This property allows
us to identify the twin squeezed cat state as the best
asymptotic choice, followed by the squeezed entangled
state, the twin squeezed vacuum state, the NOON state
and, finally, the coherent state, whose performance is the
worst. We notice that this is consistent with the findings
in [12].
On the other hand, the graphs deviate from this log-
arithmic linear approximation when 1 6 µ . 102 and,
as a consequence, a non-trivial structure emerges in this
part of the plot. This is the non-asymptotic regime of
limited data. Since the graphs no longer follow straight
lines, they intersect each other, and this implies that the
ordering of the states in terms of their performance de-
pends on the number of repetitions. For instance, the
twin squeezed vacuum state produces the lowest uncer-
tainty when 1 6 µ < 5, while the squeezed entangled
state is the best option when 5 < µ < 40. In addi-
tion, the twin squeezed cat state is recovered as the best
probe when µ > 40, although it practically has the same
performance as the coherent state when µ = 1, 2, 3. In-
terestingly, the coherent state is also associated with the
largest uncertainty for a low number of trials.
The fact that the strategy leading to the lowest un-
certainty can depend on the number of repetitions in
a crucial way was already demonstrated in [5]. How-
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6Figure 2. i) Mean square error as a function of the number of repetitions using the optimal single-shot strategy in equation
(8) for (a) the coherent state, (b) the NOON state, (c) the twin squeezed vacuum state, (d) the squeezed entangled state, and
(e) the twin squeezed cat state, with mean number of photons n¯ = 2, prior mean θ¯ = 0 and prior width W0 = pi/2, while (f)
represents the variance of the prior probability; (ii) mean square error based on the optimal single-shot strategy (solid line) and
quantum Crame´r-Rao bound (dashed line) for the same coherent state, (iii) NOON state, (iv) twin squeezed vacuum state, (v)
squeezed entangled state and (vi) twin squeezed cat state considered in (i). These graphs constitute the main results of section
III, and their consequences are analysed in the main text.
ever, the results in [5] were based on a specific measure-
ment scheme (counting photons after the action of a 50:50
beam splitter), while now the bounds are constructed by
repeating a single-shot strategy that has been optimised
over all possible POVMs. Thus, the results in figure 2.i
generalise those in [5] and put the state-dependence be-
haviour of the non-asymptotic regime on a more solid
basis.
For these results to be useful, we need to understand
the optimality and saturability of the bounds. The uncer-
tainty for µ = 1 is already optimal by construction and
can always be reached in principle for any given state us-
ing the single-shot POVM in equation (8). This means
that other tools such as the quantum Ziv-Zakai bound
[29] and the quantum Weiss-Weinstein bound [30] will
necessarily produce less tight single-shot results when-
ever their value is different from the solution found here.
Furthermore, figures 2.ii - 2.vi show how our results
for each state approach the quantum Crame´r-Rao bound
asymptotically, that is, ¯mse ≈ 1/(µFq) when µ  1.
Taking into account that the bounds for a large num-
ber of trials that can be constructed using the quantum
Crame´r-Rao bound are fundamental, we conclude that
our bounds are also optimal in this limit. As a result, if
we work in the regime of intermediate prior knowledge
and ρ(θ) and p(θ) are given, then the scheme developed
in section II is optimal both for a single shot and a large
number of trials. Moreover, it is also optimal for any
number of trials if we exclude the possibility of having
adaptive measurements and focus on identical and inde-
pendent experiments.
To quantify the number of repetitions that are needed
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Figure 3. Spectrum of the optimal quantum estimator S for
(a) the coherent state, (b) the NOON state, (c) the twin
squeezed vacuum state, (d) the squeezed entangled state, and
(e) the twin squeezed cat state, with n¯ = 2, θ¯ = 0 and
W0 = pi/2. The details of this calculation can be found in
appendix B.
to reach this asymptotic regime where our methods are
not longer required we can follow [5], construct the rela-
tive error
ετ =
|¯mse(µτ )− 1/(µτFq)|
mse(µτ )
(18)
and select µτ after imposing that ετ ≈ 0.05 for each
state. According to the results of this calculation, which
are summarised in the last column of table I, the uncer-
tainty for the twin squeezed vacuum state agrees with
the prediction of the quantum Crame´r-Rao bound when
the number of trials is as low as µτ = 5. Therefore, in
this case the asymptotic theory mostly gives the right
answer. However, the squeezed entangled state and the
twin squeezed cat state require µτ = 45 and µτ = 66,
respectively, and the quantum Crame´r-Rao bound over-
estimates the performance of these probes in the regime
of limited data because the graphs of our bounds are
higher (figures 2.v and 2.vi). We note that it is in sce-
narios of this type where we could not extract useful in-
formation from the quantum optimal-bias bound derived
in [31], since for a flat prior this quantity is always lower
than the quantum Crame´r-Rao bound by construction.
Finally, the NOON state needs µτ = 116 and the coher-
ent state requires µτ = 282, but the Crame´r-Rao bound
prediction underestimates the precision of these proto-
cols when µ is low. It is interesting to observe that the
chosen probes exemplify the three basic behaviours that
we could expect to find in the non-asymptotic regime,
that is, that the Crame´r-Rao bound is lower, higher or
approximately equal to the Bayesian mean square error.
Although the numerical character of the previous re-
sults does not reveal the structure of the optimal mea-
surement scheme associated to each state, it is possible
to gain some intuition by studying the optimal quantum
estimator S in equation (8). For the NOON state we
have calculated this operator analytically in appendix C,
finding that its projectors are simply
|s1〉 = 1√
2
(i |2, 0〉+ |0, 2〉),
|s2〉 = 1√
2
(|2, 0〉+ i |0, 2〉), (19)
and that its eigenvalues are s1 = −1/pi and s2 = 1/pi,
which represent the Bayesian estimates for θ. In section
VI we will construct physical measurements that realise
these projectors exactly. In addition, it is important to
note that, while this spectrum of estimates is discrete and
the difference of phase shifts θ is a continuous variable, in
[52] it was shown that this behaviour is not contradictory
due to the existence of an ultimate quantum limit to the
uncertainty in phase estimation.
On the other hand, a fully analytical calculation of
S for the indefinite photon number states is more chal-
lenging, and the numerical projectors that arise from the
calculation scheme proposed in appendix B, which have
been used to find the results in figure 2, are difficult
to visualise. Nevertheless, we can still provide a partial
characterisation of the single-shot strategies through the
spectrum of the optimal quantum estimator for differ-
ent states. A numerical approximation of these spectra
has been represented in figure 3 for the coherent state,
the twin squeezed vacuum state, the squeezed entangled
state and the twin squeezed cat states, which shows their
Bayesian estimates distributed within the parameter do-
main [θ¯ −W0/2, θ¯ +W0/2] [53].
We finish this analysis by noting that both the projec-
tors {|s〉} and the estimates {s} depend on the specific
shape of the prior probability p(θ). Interestingly, in our
case we have verified numerically that while the results
change with W0, they do not depend on θ¯. Nonetheless,
in section VI we will see that this is no longer true for
measurement schemes different from the optimal single-
shot strategy.
IV. THE ROLE OF INTRA-MODE AND
INTER-MODE CORRELATIONS FOR A LOW
NUMBER OF REPETITIONS
In the context of optical interferometry there are
two types of correlations that are relevant for quan-
tum metrology: the intra-mode correlations quantified by
the Mandel Q-parameter, which for the path-symmetric
states that we are considering here can be written as [44]
Q = 4〈(a
†
1a1)
2〉 − n¯2 − 2n¯
2n¯
=
4〈(a†2a2)2〉 − n¯2 − 2n¯
2n¯
,
(20)
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8where we are using the notation 〈〉 = 〈ψ0| |ψ0〉, and
the inter-mode correlations quantified by [44]
J = 〈a
†
1a1a
†
2a2〉 − n¯2/4
∆(a†1a1)∆(a
†
2a2)
, (21)
where we have also incorporated the fact that the states
are path-symmetric.
These quantities play a crucial role in the regime where
¯mse ≈ 1/(µFq) because the quantum Fisher informa-
tion for path-symmetric pure states can be rewritten as
Fq = n¯(1 +Q)(1−J ) [44, 54]. Therefore, we can control
the asymptotic performance by changing Q and J . Re-
calling that −1 6 Q < ∞ and −1 6 J 6 1, optimising
the performance amounts to increasing the intra-mode
correlations as much as possible, since path entanglement
can only improve the precision by a factor of 2 at most.
To verify that the asymptotic part of figure 2.i is consis-
tent with this way of proceeding we have calculated the
amount of intra-mode and inter-mode correlations and
the quantum Fisher information for each state [55], and
the results can be found in the fourth, fifth and sixth
columns of table I, respectively. As expected, the twin
squeezed cat state, which was found to be the asymptot-
ically optimal choice, has the largest values for Fq and Q
among the states that we are studying.
On the other hand, we have also demonstrated that
this state is not better than a coherent state when µ ∼ 1,
in spite of the fact that for the coherent state we have
Q = 0 and J = 0, and that the other three probes per-
form better in the low trial number regime. This already
supports the idea that the clear role that photon number
correlations play asymptotically is not preserved when µ
is low, something that was suggested in [5] using a specific
POVM. While it is not currently possible to find a rig-
orous relationship between uncertainty and correlations
that is also valid in the regime of limited data because an
analytical expression for ¯mse(µ) is not available, we can
still exploit the methodology introduced in section II to
further explore this idea.
First we note that the twin squeezed cat state can be
seen as a family of states defined in terms of the param-
eters r and α. Since this state is separable with respect
to the arms of the interferometer, J = 0, and as such
we are free to choose different combinations of r and α
to control the Mandel Q-parameter while keeping n¯ = 2
and W0 = pi/2 unchanged. The particular instance of the
twin squeezed cat family with Q = 11.75 and Fq = 25.49
considered until now is the optimal choice after maximis-
ing Fq numerically. A second example with Q = 10.00
and Fq = 22.00 has been included in table I to represent
the intermediate case. In addition, the twin squeezed
vacuum state is recovered within the twin squeezed cat
family when we choose α = 0 [12], and for this state we
have that Q = 3 and Fq = 8.
Next we examine the mean square errors associated
with the optimal case, the intermediate case and the twin
squeezed vacuum from the previous family. Their graphs
Figure 4. Mean square error as a function of the number of
repetitions using the optimal single-shot strategy in equation
(8) for (c) the twin squeezed vacuum state with Q = 3 and
J = 0, (d) the squeezed entangled state with Q = 9 and
J = −0.1, (e) the twin squeezed cat state with Q = 11.75 and
J = 0, and (e) the twin squeezed cat state with Q = 10.00
and J = 0, whereQ and J quantify the intra-mode and inter-
mode correlations, and having n¯ = 2, θ¯ = 0 and W0 = pi/2,
while (f) represents the variance of the prior probability.
are represented in figure 4 and labelled respectively as (e),
(g) and (c). If we compare the optimal and intermediate
states first, we see that a larger amount of intra-mode cor-
relations is associated with a larger number of repetitions
needed to reach the asymptotic regime, since the former
state requires µτ = 66 and the latter µτ = 42 (see table
I). Furthermore, by comparing the form of the graphs
(e) and (g) in figure 4 for these two states we can observe
that the transition from the non-asymptotic regime to
the asymptotic regime is associated with a larger uncer-
tainty for the optimal twin squeezed cat state for which
Q is also larger. Finally, the graph (c) shows that the
twin squeezed vacuum state, which has the smallest Q,
performs worse than the two previous cases asymptot-
ically, while its error is the lowest when 1 6 µ . 10.
In other words, for this family of states there seems to
be a trade-off between the performances in the asymp-
totic and non-asymptotic regimes that is associated with
changes in Q, which in practice would imply that in-
creasing the amount of intra-mode correlations blindly
can lead to high-uncertainty schemes in the regime of
limited data. Moreover, we note that this conclusion is
consistent with the related analysis in [29] for the Rivas-
Luis state [56] based on the quantum Ziv-Zakai bound,
which demonstrated that if a certain parameter is modi-
fied such that the Fisher information increases arbitrar-
ily, then the error cannot deviate substantially from the
prior variance unless the number of trials is very large.
Since increasing Q seems to be detrimental to the per-
formance of our probes when the number of repetitions is
low, the next natural step is to investigate whether path
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9Probe state
µ · ¯mse(µ,W0)
µ = 1, W0 = pi/2 µ = 1, W0 = pi/3 µ = 1, W0 = pi/4 µ = 1, W0 = 0.1 µ 1
Twin squeezed vacuum state 9.93 · 10−2 5.83 · 10−2 3.81 · 10−2 8.28 · 10−4 1.25 · 10−1
Twin squeezed cat state (intermediate) 1.50 · 10−1 6.48 · 10−2 3.61 · 10−2 8.19 · 10−4 4.55 · 10−2
Twin squeezed cat state (optimal) 1.42 · 10−1 7.10 · 10−2 4.11 · 10−2 8.17 · 10−4 3.92 · 10−2
Squeezed entangled state 1.12 · 10−1 5.61 · 10−2 3.47 · 10−2 8.19 · 10−4 4.55 · 10−2
NOON state 1.04 · 10−1 6.47 · 10−2 4.21 · 10−2 8.31 · 10−4 2.5 · 10−1
Coherent state 1.44 · 10−1 7.71 · 10−2 4.66 · 10−2 8.33 · 10−4 5 · 10−1
Table II. Optimal single-shot mean square error with different prior widths for the states considered in the main text and
asymptotic performance for µ  1. The state parameters are those indicated in table I. We notice that the asymptotic
ordering of probe states and the ordering for W0 = 0.1 and a single shot are identical, which implies that the local regime is
achieved for such a prior width.
entanglement could be useful in this regime. Including
in our analysis the squeezed entangled state with Q = 9
and J = −0.1, which is labelled as (d) in figure 4, we
can see that this state converges asymptotically to the
performance associated with the intermediate case of the
twin squeezed cat family (g), that is, both probes have
the same Fisher information. However, the graph of the
squeezed entangled state presents a smaller curvature and
a lower uncertainty when µ < 30. The key aspect that
distinguishes these two probes is that the squeezed entan-
gled state has a lower amount of intra-mode correlations
and a certain amount of beneficial path entanglement,
which suggests that inter-mode correlations have helped
to improve the precision in the non-asymptotic regime
while keeping a large Fisher information. Hence, we con-
clude that path entanglement could be considerably more
relevant in schemes that need to be optimised for a low
number of trials than it is in the asymptotic regime.
Despite these surprising results, we must acknowledge
that our analysis is centred on a particular set of states,
and that other schemes based on different states could
show different properties [57]. Therefore, the existence
of a more general relationship between the number of
trials and the usefulness of photon number correlations
in interferometry for a given prior is an open question.
V. THE EFFECT OF THE PRIOR
INFORMATION
In a wide set of inference problems that includes the
metrology scenarios presented here, the importance of
the prior information depends on the number of shots.
In particular, we know that the prior becomes less im-
portant as we increase the number of repetitions [5, 58].
This implies that, as we argued in section II, the prior
probability is going to play an important role for making
inferences if only a few experimental shots are possible.
In that scenario it is crucial then to establish how dif-
ferent states of prior knowledge may affect the overall
performance of a given metrology scheme.
Taking the same form of the prior probability given in
equation (2), the parameters that we can alter are the
prior width W0 and the prior mean θ¯. In section III we
already mentioned that the bounds constructed in figure
2.i do not depend on θ¯, leaving W0 as the only free pa-
rameter. In principle we should consider the possibility of
having both W0 > pi/2, which includes the intermediate
and global regimes, and W0 < pi/2, which encompasses
the intermediate and local regimes. However, for large
values of W0 it is not possible to approximate the peri-
odic error function in equation (3) to the mean square
error in equation (4). For that reason, we will only focus
on the transition from the intermediate regime of prior
knowledge to the local regime.
To do this, let us start by calculating the optimal
single-shot mean square error in equation (7) for all the
states with the prior widths W0 = pi/2, pi/3, pi/4 and
0.1. The numerical results are shown in table II. While
the best probe in the single-shot regime for W0 = pi/2
is the twin squeezed vacuum state, the squeezed entan-
gled state becomes the preferable choice when W0 = pi/3
and W0 = pi/4, and we need to start with a prior with
width W0 = 0.1 in order to recover the twin squeezed
cat state as the optimal state. Moreover, the ordering of
probes in terms of their performance when W0 = 0.1 is
exactly the same as the ordering found in the asymptotic
regime, which is also included in the last column of table
II. Consequently, we can say that for our schemes the
local regime due to a high amount of prior information
is achieved when W0 6 0.1.
An equivalent path to arrive to the same result relies
on the approximation
¯mse & ∆θ2p
(
1−∆θ2pFq
)
(22)
for the single-shot mean square error employed in [40,
59]. This relation was found in [40] assuming a Gaussian
prior with a narrow width but, in fact, in appendix D
we show that it also holds for the flat prior introduced in
equation (2) if we assume that W0  1. That the Fisher
information appears as the key quantity to determine
which scheme has the best performance for a given prior
explains why the numerical results in table II for W0 =
0.1 predict the same order of probes as the approximation
1/(µFq) in the asymptotic regime of many repetitions. In
both cases, the larger Fq, the better the performance.
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Figure 5. i) Mean square error as a function of the number of repetitions using the optimal single-shot strategy in equation
(8) for (a) the coherent state, (b) the NOON state, (c) the twin squeezed vacuum state, (d) the squeezed entangled state,
(e) the (optimal) twin squeezed cat state, and (g) the (intermediate) twin squeezed cat state, with mean number of photons
n¯ = 2, prior mean θ¯ = 0 and prior width W0 = pi/2, while (f) represents the variance of the prior probability; (ii) repetition of
the calculation performed in (i) with prior width W0 = pi/3, (iii) W0 = pi/4, and (iv) W0 = 0.1. The results in these figures
represent the transition from the regime of intermediate prior knowledge and a low number of trials to the local regime of a
narrow prior and a large number of measurements.
It is interesting to observe the similarity between the
local regime of prior information for a single shot and the
local regime due to a large number of experiments. On
the one hand, the best states for W0 = pi/2 and W0 = 0.1
have intra-mode correlations only, while for W0 = pi/3
and W0 = pi/4 the best state presents path entangle-
ment too. On the other hand, figure 5.i shows that for
1 6 µ < 5 and µ > 40 there is no inter-mode entangle-
ment in the optimal probes, but it appears in the best
state for 5 < µ < 40. One way of understanding this sim-
ilar behaviour is to observe that updating our posterior
density via Bayes’ theorem after each new trial reduces
the uncertainty in a way that is formally similar to mak-
ing the prior narrower in a sequential way. Nevertheless,
both processes are conceptually different.
Finally, figures 5.i - 5.iv demonstrate the transition
from the intermediate regime of prior knowledge and a
low number of trials to a local regime with both high
prior information and a large number of repetitions. This
process modifies the connection between the number of
repetitions and the properties of different probes consid-
erably, as can be seen by the change in the points where
the graphs for different states cross each other as the
prior width is reduced. As a consequence, establishing a
pattern that helps us to understand what probes we need
to use for different values of µ in the regime of limited
data becomes more complicated than in the two previ-
ous sections. Fortunately, this is not a problem in real
experiments because we typically know what our specific
prior information is and we can always proceed on a case-
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by-case basis, but it constitutes an important obstacle to
deriving more general results.
VI. PHYSICAL MEASUREMENTS
Until now we have investigated the physical conse-
quences of the bounds constructed following the proce-
dure of section II. Nevertheless, in a real-world situation
we also need to be able to generate concrete sequences
of operations that can be implemented in the laboratory,
study whether they saturate the theoretical bounds and,
if they do not, determine how close to the fundamental
minimum the associated uncertainty is. Since here we are
using a fixed set of probe states, we need only consider
sequences for implementing the measurement scheme.
A. Practical states
States that can be generated using operations such as
squeezing or displacement from the vacuum are gener-
ally easier to prepare in the laboratory than the abstract
(and possibly entangled) probe states that arise in the-
oretical optimisations [4, 12, 60] and, as a consequence,
there is a intrinsically practical interest in exploring how
close to the fundamental bounds this type of state can
get. We already know that we can approach the quantum
Crame´r-Rao bound asymptotically for path-symmetric
pure (but otherwise general) states when each individ-
ual measurement consists of counting photons after the
action of a 50:50 beam splitter [5, 61]. For instance, us-
ing that POVM it was shown in [5] that if W0 = pi/2
and we impose that the relative error in equation (18) is
ετ = 0.05, then this is true for the twin squeezed vacuum
state for µτ > 874, although surpassing the 0.05 thresh-
old with the squeezed entangled state requires more than
µ = 103 repetitions because its convergence is slower.
By using the bounds with W0 = pi/2 and θ¯ = 0 in sec-
tion III we can now answer this question in the regime of
limited data too, both for the previous states and for the
coherent and the twin squeezed cat states. As a prelim-
inary step we have reproduced these bounds as shaded
areas in figures 6.i - 6.iv for the coherent state, the twin
squeezed vacuum state, the squeezed entangled state and
the twin squeezed cat state, respectively. In addition, the
dashed lines in those figures represent the mean square
error associated with the measurement of the energy at
each port of the interferometer (i.e., counting photons)
after the action of a 50:50 beam splitter. We draw at-
tention to the fact that we have also introduced a known
phase shift in the second port of the interferometer be-
fore this beam splitter is applied, the complete sequence
of operations for each state being presented in table III.
The reason behind this choice is that we have found that
the uncertainty of this POVM depends on θ¯, and the ex-
tra phase shift allows us to achieve the optimal single shot
precision when the prior is centred around θ¯ = 0, which
is our case [62]. This dependence with θ¯ can be seen as a
Bayesian analogue of those cases where the standard er-
ror propagation formula for a given observable depends
on the unknown parameter θ, which is not a problem in
practice provided that the experiment is arranged close
to an optimal operating point [4].
To start our discussion of the low trial number regime
with this POVM, we first observe that, according to fig-
ure 6.i, measuring energy with coherent states produces
an uncertainty that is already very close to the associated
bound for a low value of µ. More concretely, the bound
and the measurement error only differ in their second and
third significant figures, as can be directly verified from
the numerical values in table IV that we provide in ap-
pendix B for the first ten shots of every scheme based on
indefinite photon number strategies. Moreover, this can
be further improved if instead we undo the preparation
of the probe state before counting photons, that is, by
reversing the 50:50 beam splitter and the displacement
from the vacuum operations that generated the coher-
ent state in the first place. The extra known difference
of phases showed in table III is also needed for the case
with θ¯ = 0 that we are considering. Nonetheless, taking
into account the fact that both schemes produce an un-
certainty whose first significant figure is that of the opti-
mum (see table IV), we conclude that, for most practical
purposes, they are equally useful and optimal given any
number of repetitions.
The situation is very different when we consider the
other three states in figures 6.ii - 6.iv, where the uncer-
tainty of the energy measurement is now notably higher
than each bound in the regime of limited data, the dis-
tance between the graphs of the measurement and those
of the bounds being larger for a few repetitions than for a
single shot. This measurement is particularly detrimental
for the strategy based on the squeezed entangled state,
since its error is very close to the prior variance (hori-
zontal line in 6.iii) when µ ∼ 1 and this indicates that
almost no information is being gained there. Addition-
ally, we can observe that the twin squeezed cat state in
figure 6.ii presents a slow convergence to the asymptotic
Crame´r-Rao bound when we use this POVM, compared
with the twin squeezed vacuum probe state in figure 6.ii
or the coherent state in in figure 6.i. Note that this is
the same problem found in [5] for the squeezed entangled
state, which is also reproduced in our calculations here.
These results show that counting photons is not the
best strategy to be followed when µ is low and the probes
have been prepared in states with a large Fisher infor-
mation such as the ones considered here, and this mo-
tivates the search for other practical alternatives. More
concretely, instead of projecting onto the energy basis,
we can consider the measurement of a different physical
quantity. The dash-dot lines in figures 6.ii - 6.iv show the
results where we have projected onto the eigenvectors of
the observable X1 ⊗X2,
Xi =
1√
2
(
a†i e
−ipi/8 + aieipi/8
)
(23)
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Figure 6. i) Mean square error based on the optimal single-shot strategy (shaded area), error associated with the measurement
of energy (dashed line) and prior variance (horizontal solid line) for the coherent state, (ii) the twin squeezed vacuum state, (iii)
the squeezed entangled state, and (iv) the twin squeezed cat state, with mean number of photons n¯ = 2, prior mean θ¯ = 0 and
prior width W0 = pi/2. Furthermore, the dash-dot graphs in (ii), (iii) and (iv) represents the uncertainty for the measurement
of quadratures. The sequences of operations that implement the POVMs that produce these results can be found in table III.
being a quadrature rotated by pi/8 for the i-th mode [63],
after having introduced the phase shift exp(ipi4 a
†
1a1) and
having applied a 50:50 beam splitter (see table III) [64].
The error of this scheme also depends on θ¯.
By comparing the energy and quadrature measure-
ments in figures 6.ii - 6.iv we see that the graphs based on
the latter POVM are substantially closer to the bounds
than those for the former measurement when the experi-
ment is operating in the regime of limited data. In other
words, we have found a physical measurement that im-
proves over the results based on measuring the energy
for the practical states under consideration and a low
number of trials. Interestingly, the dash-dot lines still
converge to the fundamental asymptotic bound, and this
implies that in the asymptotic regime both schemes are,
nevertheless, equivalent in practice and optimal.
Although these results extend, generalise and clarify
the findings of [5], figures 6.ii - 6.iv also show that it
could still be possible to find other physical schemes with
a better precision when µ is low, with a faster rate of con-
vergence to the asymptotic minimum or even saturating
the bound for any µ. These are some of the key ques-
tions that should be addressed for further progress in the
design of experimentally feasible protocols that operate
both in and out of the regime of limited data.
B. Optimality of NOON states
The fact that NOON states are conceptually simple
makes them an excellent tool to understand metrology
protocols, which is why we have chosen to study them
separately. They emerge as the optimal probe when we
maximise the Fisher information over the definite photon
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Measurement scheme Observable Projectors Probes
50:50 beam splitter &
photon counting (even)
N1N2 =
∫
dk k |k〉〈k|, with Ni = a†iai
{
exp
(−ipi
4
N2
)
exp
(−ipi
2
Jx
) |k〉}
k
All except
coherent state
50:50 beam splitter &
photon counting (odd)
N1N2 =
∫
dk k |k〉〈k|, with Ni = a†iai
{
exp
(−ipi
2
N2
)
exp
(−ipi
2
Jx
) |k〉}
k
Coherent state
pi/8 - quadratures
X1X2 =
∫
dq q |q〉〈q|, with
Xi = [exp
(
ipi
8
)
a†i + exp
(−ipi
8
)
ai]/
√
2
{
exp
(
ipi
4
N1
)
exp
(−ipi
2
Jx
) |q〉}
q
All except
coherent state
Undoing preparation
& photon counting
N1N2 =
∫
dk k |k〉〈k|
{
exp (ipiJz) exp
(
ipi
2
Jx
)
D†1 (α) |k〉
}
k
Coherent state
Parity measurement Π1Π2 =
∫
dp p |p〉〈p|, with Πi = (−1)a
†
iai
{
exp
(−ipi
4
N2
)
exp
(−ipi
2
Jx
) |p〉}
p
NOON state
Table III. Sequences of quantum operations needed to implement the practical measurements discussed in section VI, whose
uncertainty is represented in figures 6 and 7. Note that the observable column indicates the physical quantity that is being
measured, and that the different combinations of phase shifts that appear in the third column have been chosen such that the
schemes are optimal when the prior is centred around θ¯ = 0 and n¯ = 2.
number states [37, 49], and while they are unsuitable for
a global estimation due to the multi-peak structure asso-
ciated with the posterior probability functions that they
generate [5, 48, 49], and they require that the scaling of
the prior variance is already ∼ 1/n¯2 in order to achieve
the same scaling that the Crame´r-Rao bound predicts
[46, 47], the results in [5] showed that they can still be
useful to a certain extent in the intermediate regime of
prior knowledge and limited data when the number of
photons is low and the POVM is based on measuring the
energy at each port. In addition, this moderate useful-
ness also holds for the repetition of the single-shot opti-
mal strategy according to our previous results in figure
2.i, since the NOON state performs better than the twin
squeezed cat state for 1 6 µ 6 10. By studying the
performance of this probe for different physical measure-
ments with respect to the non-asymptotic bound we will
see that NOON states are also optimal in another sense.
First we consider the two measurement schemes that
we described in the previous section, that is, counting
photons and measuring rotated quadratures after the in-
troduction of some phase shifts that are indicated in table
III, and after the action of a 50:50 beam splitter. The
mean square errors generated by them for the NOON
state, which are represented in figures 7.i and 7.ii, re-
spectively, display a perfect agreement with the bounds
for any number of repetitions. This can be further veri-
fied by observing that the uncertainties for the first ten
shots provided in table V of appendix B are virtually
identical.
Similarly, a parity measurement based on the projec-
tors of the observable Π1 ⊗ Π2 = (−1)a†1a1 ⊗ (−1)a†2a2
[65, 66], and performed after introducing an extra phase
shift and the action of a beam splitter (see table III), also
saturates the bound for all µ, as it can be observed in fig-
ure 7.iii. This is consistent with the fact that the informa-
tion about the phase is actually contained in the parity of
the number of photons [48, 65, 66]. Interestingly, we have
verified that counting photons and checking the parity at
each port produces the same non-asymptotic results for
the indefinite photon number states too.
That different physical schemes are able to saturate
the same quantum bound can be explained by recalling
that the optimal quantum estimator S is only defined on
the support of ρ (see [53] and appendix B). In particular,
for NOON states ρ can be represented by a non-singular
(2 × 2) matrix in the number basis (see appendix C),
which is only a part of the full Hilbert space including
all the sectors with any number of photons. As a conse-
quence, any measurement scheme that coincide with the
projectors |s1〉 and |s2〉 given in equation (19) in the part
of the Hilbert space that corresponds to the support of
ρ is going to be optimal, independently of the particular
form of the POVM elements.
Furthermore, the same intuition can be used to under-
stand why it is more difficult to saturate the bounds for
indefinite photon number states in the non-asymptotic
regime. For these states there is a non-zero probability
of detecting any number of photons at each port of the
interferometer, which implies that the optimal quantum
estimator S can be constrained in all the sectors of the
Hilbert space, and these constraints need to be fully sat-
isfied to saturate the single-shot bound. However, as we
accumulate more data we start to approach the quan-
tum Crame´r-Rao bound, which is based on the equation
L(θ)ρ(θ)+ρ(θ)L(θ) = 2∂ρ(θ)/∂θ, and this equation only
has a unique solution on the support of ρ(θ) [67], which
in our case is simply a pure state. That is, finding phys-
ical measurements that saturate the asymptotic bounds
is generally less demanding and, in fact, the errors of the
physical measurements in figures 6.i - 6.iv converge to the
fundamental bound.
This state of affairs gives raise to an interesting situ-
ation. The Bayesian bounds in figure 2.i show that, in
principle, the NOON state is not the best option among
the probes that we are examining for any number of rep-
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Figure 7. Mean square error based on the optimal single-shot strategy (shaded area), prior variance (horizontal solid line) and
error associated with (i) the measurement of energy (dashed line), (ii) the measurement of quadratures (dash-dot line), (iii)
parity measurements (dotted line), and (iv) the optimal collective measurement on µ copies of the probe (plus signs), for a
NOON probe state with n¯ = 2, θ¯ = 0 and W0 = pi/2.
etitions. In spite of this fact, if we compare the uncer-
tainty associated with counting photons after undoing
the preparation of a coherent state, the measurement of
quadratures for the states based on the squeezing opera-
tor, and any of the physical measurement previously dis-
cussed for the NOON state, then it can be shown that,
in this case, the NOON state is the best probe when
1 6 µ 6 3. In particular, this conclusion can be extracted
by inspection from tables IV and V in appendix B. This
analysis highlights the importance of studying the possi-
bility of saturating the theoretical bounds using realistic
implementations in a particularly transparent way.
On the other hand, the mathematical simplicity of
NOON states allows us to go one step further and study
collective measurements [49, 59]. Until now this work
has been based on preparing some probe, implementing
its optimal strategy in equation (8) and repeating this
procedure µ times. However, a more general possibil-
ity is to prepare µ identical states and perform a single
measurement on all of them at once. If we upgrade the
optimal single-shot bound in equation (7) to cover the
collective case we find that
¯mse >
∫
dθp(θ)θ2 − Tr (ρ¯µSµ) , (24)
where now Sµ is given by Sµρµ + ρµSµ = 2ρ¯µ with
ρµ =
∫
dθp(θ)ρ(θ)⊗ · · · ⊗ ρ(θ)︸ ︷︷ ︸
µ times
(25)
and
ρ¯µ =
∫
dθp(θ)ρ(θ)⊗ · · · ⊗ ρ(θ)︸ ︷︷ ︸
µ times
θ. (26)
A calculation scheme for equation (24) is proposed in
appendix E, and its application to the NOON state for
1 6 µ 6 10 results in the graph of figure 7.iv, which coin-
cides with the bound generated by repeating the optimal
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strategy for a single probe. Numerically, this agreement
occurs at least for the first significant figure, as it can be
verified in table V available in appendix B. We conclude
thus that collective measurements do not provide a better
performance than the practical measurements previously
studied when we are working in the low-µ regime, each
probe is prepared in a NOON state with n¯ = 2 and the
prior width is W0 = pi/2.
In summary, we have shown that there are measure-
ment schemes that can saturate the bound for the NOON
state for all µ simultaneously. Consequently, NOON
states do not only have a special status in the local
regime, but also in the regime of limited data and mod-
erate prior knowledge [68]. This can be explained by
noticing that the optimal projectors for a single shot
in equation (19) are the same that the projectors pre-
dicted by the symmetric logarithmic derivative that de-
fine the quantum Fisher information [48]. While this
probe state is fragile and difficult to prepare in more real-
istic scenarios [60], these results are still interesting from
a fundamental perspective, and they have helped us to
understand the problems associated with saturating the
bounds of more practical states that we need to overcome
in the future.
VII. CONCLUSIONS
We have developed a method to study the performance
of metrology protocols that operate in the regime of lim-
ited data and moderate prior knowledge. More con-
cretely, we have proposed to use the strategy that is op-
timal after minimising the single-shot mean square error
over all the possible POVMs in a sequence of µ repeated
experiments. Given a state, a Hamiltonian and a prior
probability, we have seen that the bounds that arise from
this technique are optimal for the first shot by construc-
tion, and that they also start to converge to the quan-
tum Crame´r-Rao bound when µ ∼ 102. In addition, we
have argued that they can be saturated using measure-
ments that are equivalent to the projectors of the optimal
quantum estimator S for each repetition, and that this
strategy is optimal for those experiments based on iden-
tical and independent trials where adaptive techniques or
more general measurements are excluded.
The usefulness of this method in the context of quan-
tum metrology has been demonstrated through the anal-
ysis of a Mach-Zehnder interferometer, and we have fo-
cused our study on three indefinite photon number states
that have been proposed in the literature due to their
large Fisher information: the twin squeezed vacuum
state, the squeezed entangled state and the twin squeezed
cat state. We have found that the twin squeezed vacuum
state is the best option when 1 6 µ < 5, W0 = pi/2, and
for µ = 1, W0 = pi/3; that the squeezed entangled state
is the preferred choice if 5 < µ < 40, W0 = pi/2 and
when µ = 1, W0 = pi/3 or W0 = pi/4; and that the twin
squeezed cat state recovers its status of best probe due
to its largest Fisher information when µ > 40, W0 = pi/2
and µ = 1, W0 = 0.1. To the best of our knowledge, a
fully Bayesian analysis in the terms explored in this work
had not been done before for these probes.
Using the twin squeezed cat state as a family of probes
whose parameters can be modified for given mean num-
ber of photons and prior width, we have provided evi-
dence that suggests that increasing the amount of intra-
mode correlations, that is, the correlations within each
arm of the interferometer, could be detrimental when
the number of repetitions is low, which contrasts with
the fact that the same type of correlations are actually
beneficial in the asymptotic regime. Moreover, we have
shown that using a state with less intra-mode correla-
tions and a certain amount of path entanglement such
as the squeezed entangled state appears to help to en-
hance the precision in the non-asymptotic regime with-
out damaging the asymptotic performance in a dramatic
way. Therefore, we conjecture that there might exist a
more general relationship between the number of trials
and the amount of intra-mode and inter-mode correla-
tions that could indicate how to reduce the uncertainty
of the protocols in the regime of limited data.
It has been shown that, for a low number of trials, the
usual strategy of counting photons after the action of a
beam splitter is optimal for most practical purposes when
the probe is prepared in a coherent state, although it does
not saturate the non-asymptotic bounds for the other in-
definite photon number states. However, we have found
that in the latter case the situation can be improved if
instead we measure quadratures rotated by pi/8, since
this scheme is closer to our bounds for low values of µ.
This result is particularly relevant because states pre-
pared with operations such as squeezing or displacement
from the vacuum and quadratures measurements are eas-
ier to implement in real-world situations. In addition,
our calculations indicate that counting photons, measur-
ing quadratures and implementing parity measurements
are optimal strategies for any number of repetitions if the
probe is in a NOON state, and that collective measure-
ments on the first ten copies of this probe do not provide
an advantage over the schemes based on identical and
independent experiments.
It is important to note that in this work we have not
considered what happens in the presence of noise because
our aim was to identify the novel effects that emerge di-
rectly from having a low number of trials without the
interference of other features, which justifies our focus
on ideal schemes. However, a comprehensive study of
the effect of noise when the available data is limited is
also crucial to model realistic scenarios. Although we
leave this analysis for future research, in appendix F we
provide an initial test to demonstrate that our method
can be also applied to a scheme where photon losses are
present, finding that the qualitative behaviour of our re-
sults does not seem to change substantially for a reason-
able amount of loss.
We believe that these results constitute an important
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advance towards the creation of a practical and useful
methodology that will help us to design optimal metrol-
ogy experiments taking the finite number of trials into
account, and that they could play a crucial role in the
design of realistic inference schemes once this method
is combined with other features such as the presence of
noise, larger numbers of photons, adaptive techniques,
state engineering algorithms or multi-parameter systems.
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Appendix A: How large W0 can be such that the use
of a quadratic error is justified?
The approximation 4 sin2{[g(n)− θ] /2} ≈ [g(n)− θ]2
relies on the quantity |g(n) − θ|/2 being small. More-
over, if W0 is the width of the phase domain, then
|g(n) − θ|/2 6 W0/2 within one period. The minimi-
mum requirement that is natural to impose is that the
variable for which the Taylor expansion is calculated (i.e.,
|g(n)− θ|/2) is slightly smaller than 1 at most, which is
always the case if the width of our experiment satisfies
that W0 . 2. In principle this would still be a crude
approximation if we were interested in the sine function
itself. However, the sine error is then integrated over
all the possible values for θ and n = (n1, . . . , nµ). This
implies that |g(n) − θ|/2 ∼ 2 when W0 ∼ 2 only for a
few combinations of values, and the weight of those cases
will decrease as the joint probability p(θ,n) accumulates
more data. We conclude then that W0 . 2 is a reasonable
estimation for the range of validity of the mean square
error in a problem with a periodic parameter. Note that
this condition has the same order of magnitude than the
estimation found in [72], where the authors argued that
the width of their Gaussian prior had to be pi/2 or less,
and it is a better estimation than the one obtained in [5].
According to the previous discussion, only the calcu-
lation of the first few shots could be potentially mislead-
ing if we use the mean square error. To show that this
is not the case for the schemes analysed in the main
text, let us estimate explicitly the error of the Taylor
expansion. First, using Taylor’s theorem we have that
sin2(x) = x2 − x4cos(2ε)/3, where ε ∈ [0, x] [73]. The
first term is the approximation that we want to use, while
Figure 8. Mean square error based on the optimal single-
shot strategy (solid line) and bounds for the approximation
error after having expanded the sine error up to second order
(shaded area) for (a) the coherent state, (b) the NOON state,
(c) the twin squeezed vacuum state, (d) the squeezed entan-
gled state, and (e) the twin squeezed cat state, with n¯ = 2,
θ¯ = 0 and W0 = pi/2. This figure shows that the mean square
error is a suitable approximation for the mean sine error when
we are in the regime of moderate prior knowledge.
the second term represents the error of this approxima-
tion. Using the fact that the cosine is bounded between
−1 and 1, the Taylor error can be estimated with
∆¯ =
1
12
∫
dθdn p(θ)p(n|θ) [g(n)− θ]4 , (A1)
and knowing that the optimal phase estimator is the av-
erage of the posterior probability p(θ|n) ∝ p(θ)p(n|θ),
we can rewrite equation (A1) as
∆¯ =
1
12
∫
dθ′p(θ′)
∫
dnp(n|θ′)∆¯(n), (A2)
where
∆¯(n) =
〈
θ4
〉− 4 〈θ〉 〈θ3〉+ 6 〈θ〉2 〈θ2〉− 3 〈θ〉4 (A3)
and we have used the notation 〈〉 = ∫ dθp(θ|n). This
is precisely the three-step decomposition introduced in
[5] to obtain the mean square error and, as such, we can
compute ∆¯ numerically in the same way.
This calculation is shown in figure 8, where the graph
in the middle of the shaded areas is ¯mse for 1 6 µ 6 10
and W0 = pi/2 and the boundaries are given by ±∆¯.
We can see that the Taylor error bounds for the twin
squeezed cat state, the squeezed entangled state and the
twin squeezed cat state, which constitute the basis of our
main results, do not overlap for any value of µ. There-
fore, all the comparisons made between these probes are
valid. That the twin squeezed cat state and the coher-
ent state overlap for µ = 1, 2, 3 is not surprising, since
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¯mse (µ = 1), . . . , ¯mse (µ = 10)
Coherent state Twin squeezed vacuum state
Single-shot
measurement
50:50 beam splitter
& photon counting
Undoing preparation
& photon counting
Single-shot
measurement
50:50 beam splitter
& photon counting
pi/8 - quadratures
1.44 · 10−1 1.49 · 10−1 1.47 · 10−1 9.94 · 10−2 1.57 · 10−1 1.27 · 10−1
1.11 · 10−1 1.15 · 10−1 1.13 · 10−1 6.48 · 10−2 1.23 · 10−1 8.37 · 10−2
8.94 · 10−2 9.25 · 10−2 9.07 · 10−2 4.49 · 10−2 9.71 · 10−2 5.83 · 10−2
7.47 · 10−2 7.70 · 10−2 7.56 · 10−2 3.36 · 10−2 7.85 · 10−2 4.31 · 10−2
6.40 · 10−2 6.59 · 10−2 6.47 · 10−2 2.64 · 10−2 6.44 · 10−2 3.32 · 10−2
5.60 · 10−2 5.74 · 10−2 5.66 · 10−2 2.17 · 10−2 5.38 · 10−2 2.67 · 10−2
4.98 · 10−2 5.10 · 10−2 5.02 · 10−2 1.83 · 10−2 4.56 · 10−2 2.22 · 10−2
4.48 · 10−2 4.58 · 10−2 4.51 · 10−2 1.58 · 10−2 3.91 · 10−2 1.89 · 10−2
4.07 · 10−2 4.15 · 10−2 4.10 · 10−2 1.40 · 10−2 3.39 · 10−2 1.64 · 10−2
3.74 · 10−2 3.80 · 10−2 3.76 · 10−2 1.25 · 10−2 2.98 · 10−2 1.45 · 10−2
Squeezed entangled state Twin squeezed cat state
Single-shot
measurement
50:50 beam splitter
& photon counting
pi/8 - quadratures
Single-shot
measurement
50:50 beam splitter
& photon counting
pi/8 - quadratures
1.12 · 10−1 1.93 · 10−1 1.54 · 10−1 1.43 · 10−1 1.76 · 10−1 1.62 · 10−1
7.38 · 10−2 1.80 · 10−1 1.18 · 10−1 1.08 · 10−1 1.52 · 10−1 1.30 · 10−1
5.08 · 10−2 1.68 · 10−1 9.23 · 10−2 8.46 · 10−2 1.32 · 10−1 1.06 · 10−1
3.60 · 10−2 1.56 · 10−1 7.34 · 10−2 6.77 · 10−2 1.16 · 10−1 8.75 · 10−2
2.62 · 10−2 1.45 · 10−1 5.95 · 10−2 5.53 · 10−2 1.02 · 10−1 7.33 · 10−2
1.96 · 10−2 1.34 · 10−1 4.87 · 10−2 4.56 · 10−2 9.08 · 10−2 6.22 · 10−2
1.51 · 10−2 1.24 · 10−1 4.06 · 10−2 3.81 · 10−2 8.13 · 10−2 5.33 · 10−2
1.19 · 10−2 1.15 · 10−1 3.43 · 10−2 3.19 · 10−2 7.33 · 10−2 4.60 · 10−2
9.65 · 10−3 1.06 · 10−1 2.94 · 10−2 2.70 · 10−2 6.65 · 10−2 4.01 · 10−2
8.04 · 10−3 9.77 · 10−2 2.54 · 10−2 2.30 · 10−2 6.07 · 10−2 3.52 · 10−2
Table IV. Mean square error for the indefinite photon number states using the optimal single-shot POVM and the physical
measurement schemes described in the main text, with 1 6 µ 6 10, n¯ = 2, θ¯ = 0 and W0 = pi/2.
their respective mean square errors also do (see figure
2.i), and the same observation hold for the NOON state
and the squeezed entangled state when µ = 2. On the
other hand, the shaded area of the NOON state overlaps
slightly with the top shaded area of the twin squeezed
vacuum state when µ = 1. It is important to appreciate
that the shaded areas are bounds for the Taylor error,
and it is not guaranteed that the uncertainty for this two
states actually coincides. However, even if they did, it
would simply constitute another instance where the role
of inter-mode and intra-mode correlations is altered in
the regime of limited data, since a state with path entan-
glement that is beaten by a state with a large amount of
intra-mode correlations in the asymptotic regime would
reach the same uncertainty than the latter for a single
shot.
Finally, we also notice that the approximation will be-
come even better as W0 decreases, which is the case for
the other prior widths that we have explored. Hence, we
can conclude that the results that arise from the use of
the mean square error as an approximation for the mean
sine error in the regime of moderate prior knowledge are
valid.
Appendix B: Calculation scheme for the optimal
single-shot strategy and its bound
In this appendix we present the calculation scheme
that has been used to obtain the eigenvalues and eigen-
vectors of the optimal quantum estimator S that generate
the results of the main text.
We recall that the Hermitian operator S satisfies the
equation Sρ + ρS = 2ρ¯. Hence, the first step is to find
ρ and ρ¯. By expanding the transformed state |ψ(θ)〉 in
the number basis as |ψ(θ)〉 = ∑nm e−i(n−m)θ/2cnm |nm〉,
where cnm are the components of the initial probe state,
we can construct the density matrix
ρ(θ) =
∑
nmlk
e−i(n−m)θ/2ei(k−l)θ/2cnmc∗kl |nm〉〈kl| , (B1)
with cnmc
∗
kl = (ρ0)nmkl. Then, given the flat prior in
equation (2) we have that
ρ =
∫
dθp(θ)ρ(θ) =
∑
nmkl
Knmklcnmc
∗
kl |nm〉〈kl| (B2)
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¯mse (µ = 1), . . . , ¯mse (µ = 10)
NOON state
Single-shot
measurement
50:50 beam splitter
& photon counting
pi/8 - quadratures Parity measurements Collective measurements
1.04 · 10−1 1.04 · 10−1 1.04 · 10−1 1.04 · 10−1 1.04 · 10−1
7.06 · 10−2 7.06 · 10−2 7.06 · 10−2 7.06 · 10−2 7.02 · 10−2
5.36 · 10−2 5.36 · 10−2 5.36 · 10−2 5.35 · 10−2 5.31 · 10−2
4.33 · 10−2 4.33 · 10−2 4.33 · 10−2 4.32 · 10−2 4.28 · 10−2
3.63 · 10−2 3.63 · 10−2 3.63 · 10−2 3.63 · 10−2 3.59 · 10−2
3.14 · 10−2 3.13 · 10−2 3.13 · 10−2 3.13 · 10−2 3.09 · 10−2
2.76 · 10−2 2.76 · 10−2 2.76 · 10−2 2.76 · 10−2 2.72 · 10−2
2.46 · 10−2 2.46 · 10−2 2.46 · 10−2 2.46 · 10−2 2.43 · 10−2
2.23 · 10−2 2.23 · 10−2 2.23 · 10−2 2.23 · 10−2 2.20 · 10−2
2.03 · 10−2 2.03 · 10−2 2.03 · 10−2 2.03 · 10−2 2.00 · 10−2
Table V. Mean square error for the NOON state using the optimal single-shot POVM, the physical measurement schemes
described in the main text and collective measurements, with 1 6 µ 6 10, n¯ = 2, θ¯ = 0 and W0 = pi/2. We note that the
calculation for collective measurements has been performed with a different numerical algorithm.
and
ρ¯ =
∫
dθp(θ)ρ(θ)θ =
∑
nmkl
Lnmklcnmc
∗
kl |nm〉〈kl| , (B3)
where
Knmkl =
1
W0
∫ θ¯+W0/2
θ¯−W0/2
dθe−ixnmklθ/2, (B4)
Lnmlk =
1
W0
∫ θ¯+W0/2
θ¯−W0/2
dθθe−ixnmklθ/2 (B5)
and xnmkl = n − m + l − k. These integrals can be
computed directly, finding that
Knmkl =
4
W0
AnmklBnmkl
xnmkl
(B6)
and
Lnmkl =
2Anmkl
xnmkl
(
2BnmklDnmkl
W0
+ iCnmkl
)
, (B7)
where we have defined
Anmkl = exp
(−ixnmklθ¯/2) ,
Bnmkl = sin (xnmklW0/4) ,
Cnmkl = cos (xnmklW0/4) and
Dnmkl = θ¯ − 2i/xnmkl. (B8)
Note that all the elements Knmkl and Lnmkl are well
defined except when xnmkl vanishes, in which case we
have an indetermination. In those cases we need to take
the limits
lim
xnmlk→0
Knmkl = 1, lim
xnmkl→0
Lnmkl = θ¯. (B9)
Since Knmkl, Lnmkl and cnmc
∗
kl can be seen as (nm×
kl) matrices, we can rewrite equations (B2) and (B3)
as ρ = ρ0 ◦ K and ρ = ρ0 ◦ L, respectively, where we
are using the entrywise product of matrices defined as
X ◦ Y = ∑ij XijYij |i〉〈j| [74]. In other words, now we
have two expressions where the integration has been per-
formed analytically.
On the other hand, if we expand ρ in the basis of its
eigenvectors, that is, ρ =
∑
i pi |φi〉〈φi|, and we insert it
into Sρ+ ρS = 2ρ¯, we arrive to
S = 2
∑
ij
〈φi| ρ¯ |φj〉
pi + pj
|φi〉〈φj | . (B10)
Note that (B10) is only defined on the support of ρ, since
the Sylvester equation Sρ + ρS = 2ρ¯ only has a unique
solution in the subspace where the spectra of ρ and −ρ
are disjoint [71]. Interestingly, this solution is formally
analogous to the expression to calculate the symmetric
logarithmic derivative in the asymptotic theory [3, 4].
Unfortunately, completing this calculation analytically
for the indefinite photon number states is challenging be-
cause they belong to a Hilbert space whose dimension is
infinite. However, we can take advantage of the analyt-
ical expressions ρ = ρ0 ◦ K, ρ = ρ0 ◦ L and those in
equations (B6) - (B10) in order to simplify the numerical
scheme. In particular, we have implemented the follow-
ing method:
1. The components cnm of the initial state |ψ0〉 are nu-
merically approximated employing a finite Hilbert
space of dimension dc per mode. For the coherent
state this dimension is dc = 21, and the number
probability for this cut-off is pc ∼ 10−19; for the
twin squeezed vacuum state we have that dc = 51
and pc ∼ 10−17; dc = 61 and pc ∼ 10−5 for
the squeezed entangled state; and dc = 51 and
pc ∼ 10−10 for the twin squeezed cat state.
2. The matrices K and L are numerically generated
using the formulas in equations (B6) - (B8). This
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allows us to calculate ρ = ρ0 ◦K and ρ = ρ0 ◦ L in
the number basis.
3. The basis of ρ and ρ¯ is changed as ρD = V
†ρV
and ρ¯D = V
†ρ¯V , where the columns of V are
given by the eigenvectors |φi〉 of ρ, (ρD)ij = piδij
and (ρ¯D)ij = 〈φi| ρ¯ |φj〉. We note that only the
eigenvectors |φi〉 whose eigenvalues pi satisfy that
pi & 10−12 are employed.
4. Now we can calculate the elements (SD)ij =
〈φi|S |φj〉 = 2(ρ¯D)ij/(pi + pj) directly.
5. We return to the original basis using S = V SDV
†.
6. Finally, we calculate the spectral decomposition of
S as indicated in equation (8), which gives us the
estimates {s} and the projectors {|s〉}.
Once the optimal single-shot POVM has been found,
we can proceed with the calculation of the mean square
error as a function of µ in equation (12) using the three-
step method in [5]. Tables IV and V provide the nu-
merical values of our schemes for 1 6 µ 6 10, while the
complete results for 1 6 µ 6 103 have been presented
as graphs in the main text. The numerical precision of
these values can be estimated using the identity∫
dθp(θ)θ2 =
∫
dθ′p(θ′)
∫
dn p(n|θ′)
∫
dθp(θ|n)θ2,
(B11)
where the right hand side is calculated numerically and
it is compared to the analytical solution for the left hand
side. In particular, we have found that our results are
valid up to the third significant figure.
Appendix C: Analytical results for the NOON state
Given a NOON state with n¯ = 2 photons, the trans-
formed probe after encoding the unknown parameter is
|ψ(θ)〉 = 1√
2
(
e−iθ |2, 0〉+ eiθ |0, 2〉) . (C1)
In that case, we have that
ρ =
2
pi
∫ pi/4
−pi/4
dθ |ψ(θ)〉〈ψ(θ)| = I
2
+
σx
pi
(C2)
and
ρ¯ =
2
pi
∫ pi/4
−pi/4
dθ |ψ(θ)〉〈ψ(θ)| θ = σy
2pi
, (C3)
where σx and σy are Pauli matrices. Inserting equations
(C2) and (C3) into Sρ+ ρS = 2ρ¯ we find that the quan-
tum estimator is S = σy/pi. Hence, the optimal single-
shot POVM that we discussed in section (III) is given by
the eigenvectors
|s1〉 = 1√
2
(
i
1
)
, |s2〉 = 1√
2
(
1
i
)
, (C4)
which are associated with the Bayesian estimates −1/pi
and 1/pi, respectively. These eigenvalues were repre-
sented in figure 3.
Next we calculate the optimal mean square error for a
single shot using the bound in equation (7), finding that
¯mse(µ = 1) >
pi2
48
− 1
pi2
≈ 0.104, (C5)
which is in perfect agreement with the numerical results
showed in table V.
In section VI we demonstrated that several physical
measurements were able to saturate equation (C5) for the
NOON state using numerical techniques. Here we will
recover the same result analytically for one of them. In
particular, let us consider the POVM based on counting
photons as indicated by Table III. First we construct the
likelihood function
p(n,m|θ) = || 〈n,m| e−ipi2 Jxe−ipi4N2 |ψ(θ)〉 ||2, (C6)
whereN2 = a
†
2a2, and after manipulating and simplifying
this expression, we arrive to
p(2, 0|θ) = p(0, 2|θ) = 1
2
sin2
(
θ − pi
4
)
,
p(1, 1|θ) = cos2
(
θ − pi
4
)
. (C7)
It is interesting to observe that the width of the ranges
where p(n,m|θ) is monotonic is pi/2, and according to
[48], this is precisely the maximum value that we can
assign to W0 while still being able to infer the unknown
parameter unambiguously, an idea that was captured by
the concept of intrinsic width in [5]. This is why the
NOON state can also be useful in the regime of moderate
prior knowledge.
The next quantity that we need to find is the normal-
isation term of Bayes’ theorem, that is,
p(n,m) =
2
pi
∫ pi/4
−pi/4
dθp(n,m|θ). (C8)
Introducing equation (C7) into the formula for p(n,m),
we find that p(2, 0) = p(0, 2) = 1/4 and p(1, 1) = 1/2. At
the same time, this gives us the last piece that we need to
apply Bayes’ theorem and find the posterior probability
p(θ|n,m) = p(θ)p(n,m|θ)/p(n,m), which in our case is
p(θ|2, 0) = p(θ|0, 2) = 4
pi
sin2
(
θ − pi
4
)
,
p(θ|1, 1) = 4
pi
cos2
(
θ − pi
4
)
. (C9)
On the other hand, it is possible to rewrite the single-
shot mean square error in equation (4) as
¯mse(µ = 1) =
∫
dθp(θ)θ2 −
∫
dn p(n,m)gopt(n,m)
2,
(C10)
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where
gopt(n,m) =
∫ pi/4
−pi/4
dθp(θ|n,m)θ (C11)
is the optimal classical estimator. Taking into account
that gopt(2, 0) = gopt(0, 2) = −1/pi and gopt(1, 1) = 1/pi,
the error associated to this POVM is
¯mse(µ = 1) =
2
pi
∫ pi/4
−pi/4
dθθ2 − 1
pi2
=
pi2
48
− 1
pi2
, (C12)
which, as expected, saturates the bound in equation (C5).
Appendix D: Optimal single-shot mean square error
in the limit of a narrow flat prior
Given the uniform prior probability introduced in
equation (2), and assuming that W0  1, the Taylor
expansion around θ¯ for the transformed state ρ(θ) is
ρ(θ) ≈ ρ(θ¯) + ∂ρ(θ¯)
∂θ
(
θ − θ¯) . (D1)
Furthermore, recalling that the symmetric logarithmic
derivative is defined as [3, 4, 39]
∂ρ(θ¯)
∂θ
=
1
2
[
L(θ¯)ρ(θ¯) + ρ(θ¯)L(θ¯)
]
, (D2)
we have that
ρ(θ) ≈ ρ(θ¯) + 1
2
[
L(θ¯)ρ(θ¯) + ρ(θ¯)L(θ¯)
] (
θ − θ¯) . (D3)
The next step is to introduce equation (D3) into ρ =∫
dθp(θ)ρ(θ) and ρ¯ =
∫
dθp(θ)ρ(θ)θ, finding that ρ ≈
ρ(θ¯) and
ρ¯ ≈ θ¯ρ(θ¯) + ∆θ
2
p
2
[
L(θ¯)ρ(θ¯) + ρ(θ)L(θ¯)
]
. (D4)
Thus, using equation Sρ + ρS = 2ρ¯ we can see that the
quantum estimator takes the form S ≈ θ¯ I + ∆θ2p L(θ¯),
and this implies that Tr (ρ¯S) ≈ θ¯2 + ∆θ4p Fq(θ¯), where
Fq(θ¯) = Tr[ρ(θ¯)L(θ¯)
2] is the quantum Fisher information
and we have used the fact that Tr
[
ρ(θ¯)L(θ¯)
]
= 0.
Finally, we arrive to
¯mse & ∆θ2p
[
1−∆θ2pFq(θ¯)
]
(D5)
after introducing the approximated expression for
Tr (ρ¯S) into equation (7), which is the result involved
in the discussion of Section V and that was available in
the literature for a Gaussian prior [40, 49, 59].
Appendix E: Calculation scheme for the optimal
mean square error with two identical probes
The calculation of equation (24) for collective measure-
ments is completely analogous to the scheme developed
in appendix B for µ = 1. For instance, when the num-
ber of copies is µ = 2, equations (25) and (26) can be
expressed as
ρ =
∑
nmlk
abcd
Lnmklabcdcnmc
∗
klcabc
∗
cd |nmab〉〈klcd| (E1)
and
ρ¯ =
∑
nmlk
abcd
Knmklabcdcnmc
∗
klcabc
∗
cd |nmab〉〈klcd| , (E2)
where Lnmklabcd and Knmklabcd are defined in the same
way as in equations (B4) - (B8), but using
ynmklabcd = n−m+ l − k + a− b+ d− c (E3)
instead of xnmkl. The same principle can be trivially
generalised to larger numbers of copies. Nevertheless, it
becomes numerically challenging to create objects with
such a large amount of indices, which is why we have only
considered 1 6 µ 6 10 for the results based on collective
measurements. The last column of table V and the graph
of figure 7.iv have been generated using this method.
Appendix F: The effect of photon losses
While a comprehensive analysis of the combined effect
of having some form of noise and a limited amount of data
is left for future research, in this appendix we present an
initial test of the type of behaviour that we could expect
from the application of our method to noisy scenarios.
Following [75], suppose we consider another Mach-
Zehnder interferometer with initial state |ψ0〉 =∑2
k=0 ck |k, 2− k〉 and where the unknown phase shift
φ is now encoded in the first arm with the unitary trans-
formation exp(−iN1φ), where Ni = a†1a1. In addition,
the photon losses in such arm are modelled using a ficti-
tious beam splitter with transmissivity η. In that case,
the transformed state is [75]
ρ(φ) = e−iN1φ
(
2∑
l=0
Kl,a1 |ψ0〉〈ψ0|K†l,a1
)
eiN1φ, (F1)
where Kk,a1 = (1 − η)l/2ηN1/2al1/
√
l! are Krauss opera-
tors.
We need to find the state |ψ0〉 that is optimal for a
given amount of loss. Since for this initial test we are
interested in analysing the specific proposal in [75] and
this work is based on the Fisher information, we will
simply select the initial probe that has the largest Fq,
and we will follow the methodology in the main text to
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Figure 9. Mean square error based on the optimal single-shot
strategy (solid line) and quantum Crame´r-Rao bound (dashed
line) for a two-photon state whose Fisher information is op-
timal (see [75]) that is fed to a Mach-Zehnder interferometer
with photon losses in its first arm, with η = 0.9, φ¯ = pi/4 and
W0 = pi/2.
find the Bayesian bound based on repeating the optimal
single-shot strategy of this state. However, a potentially
better result could be found by optimising the single-shot
bound instead. We leave this possibility for future work.
To represent a realistic amount of loss we can choose
η = 9/10, and the components of the state with the
largest Fq for this value are c0 = 3/
√
10, c1 = 0 and
c2 =
√
10/19. Hence, equation (F1) becomes
ρ(φ) =
1
190

1 0 0 0
0 90 0 27
√
10 ei2φ
0 0 18 0
0 27
√
10 e−i2φ 0 81
 , (F2)
where the columns are labelled as |0, 0〉, |0, 2〉, |1, 0〉 and
|2, 0〉, respectively.
The next step is to calculate the optimal single-shot
strategy. Assuming that the prior p(φ) is a flat density
of width W0 = pi/2 and centred around φ¯ = pi/4, we
can calculate ρ =
∫
dφp(φ)ρ(φ), ρ¯ =
∫
dφp(φ)ρ(φ)φ and
insert the results into Sρ + ρS = 2ρ¯ to find the optimal
quantum estimator
S =
1
76pi

19pi2 0 0 0
0 19pi2 0 −24√10
0 0 19pi2 0
0 −24√10 0 19pi2
 (F3)
whose eigenspaces allow us to construct the POVM el-
ements |s1〉 = (− |0, 2〉 + |2, 0〉)/
√
2, |s2〉 = (|0, 2〉 +
|2, 0〉)/√2, |s3〉 = |1, 0〉 and |s4〉 = |0, 0〉. Note that in
this case the optimal single-shot POVM is not unique
due to the degeneracy of one of the eigenvalues of S.
Finally, we calculate the mean square error in equation
(12) using this optimal single-shot measurement. The re-
sult has been represented in figure 9, which also includes
the quantum Crame´r-Rao bound that can be obtained
using the expression for the Fisher information provided
in [75]. As we can see, the Bayesian error approaches
the asymptotic result also in this case, and while a per-
fect convergence cannot be observed within the number
of trials that we are considering because the mean square
error crosses the bound when µ ≈ 4 ·102, we have verified
that after µ = 103 repetitions the relative error defined
in equation (18) is just ε = 0.02. Therefore, we can con-
clude that, according to our methodology, a reasonably
amount of photon losses does not seem to alter substan-
tially the behaviour that we have found in the main text
using ideal schemes. Nevertheless, a deeper investigation
including other sources of noise, other probe states and
realistic measurements is required in order to construct
a more complete picture of the effect that noise has in
those systems that operate in the regime of limited data.
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